We have modelled X-ray burst oscillations observed with the Rossi X-ray Timing Explorer (RXTE) from two low mass X-ray binaries (LMXB): 4U 1636-53 with a frequency of 580 Hz, and 4U 1728-34 at a frequency of 363 Hz. We have computed least squares fits to the oscillations observed during the rising phase of bursts using a model which includes emission from either a single circular hot spot or a pair of circular antipodal hot spots on the surface of a neutron star. We model the spreading of the thermonuclear hot spots by assuming that the hot spot angular size grows linearly with time. We calculate the flux as a function of rotational phase from the hot spots and take into account photon deflection in the relativistic gravitational field of the neutron star assuming the exterior spacetime is the Schwarzschild metric. We find acceptable fits with our model in a χ 2 sense, and we use these to place constraints on the compactness of the neutron stars in these sources. For 4U 1636-53, in which detection of a 290 Hz sub-harmonic supports the two spot model, we find that the compactness (i.e., mass/radius ratio) is constrained to be M/R < 0.153 at 90 % confidence (G = c = 1). This requires a relatively stiff equation of state (EOS) for the stellar interior. For example, if the neutron star has a mass of 1.4M ⊙ then its radius must be > 12.1 km. Fits using a single hot spot model are not as highly constraining. We discuss the implications of our findings for recent efforts to calculate the EOS of dense nucleon matter and the structure of neutron stars.
Introduction
X-ray brightness oscillations with frequencies in the 300 -600 Hz range have now been observed during thermonuclear X-ray bursts from 10 LMXB systems (see Strohmayer 2001 for a recent review). Substantial evidence suggests that rotational modulation of a localized hot spot or a pair of antipodal spots is responsible for the observed oscillations, especially during the rising phase (see for example Strohmayer, Zhang & Swank 1997; Heise 2000) . As the mass to radius ratio, M/R or 'compactness', of a neutron star increases, the deflection of photons by its relativistic gravitational field becomes stronger and consequently a greater fraction of the stellar surface is visible to an observer at any given time. This effect weakens the spin modulation pulsations produced by a rotating hot spot on the neutron star surface. Because of this effect, suggested that modelling of the oscillation amplitude could in principle provide a constraint on the neutron star compactness. Strohmayer, Zhang & Swank (1997) investigated the temporal evolution of the amplitude of burst oscillations from 4U 1728-34 and showed that a simple model of an expanding hot spot on a neutron star was in qualitative agreement with the data. performed a study of the dependence of the oscillation amplitude from a point-like hot spot on the stellar compactness, the surface rotational velocity, and the spectrum of the surface emission, and showed that if two antipodal spots are present, the resulting limits on the compactness can be highly constraining. Weinberg, Miller, & Lamb (2000) have recently performed similar calculations but allow for hot spots of finite size. Psaltis, Ozel, & DeDeo (2001) have also recently investigated the effects of relativistic photon deflection on the inferred properties of thermally emitting neutron stars. Miller (1999) reported the detection of a 290 Hz subharmonic of the stronger 580 Hz oscillation frequency in a study of 5 bursts from 4U 1636-53. This led him to suggest that the neutron star spin frquency is actually 290 Hz in this source and that two antipodal hot spots produce the 580 Hz modulation. The observation of a pair of high frequency quasiperiodic oscillations (QPO) with a frequency separation of ∼ 251 Hz in this source (Mendez, van der Klis, & van Paradijs 1998) , has also been interpreted, in the context of a beat frequency model for the high frequency QPO, as evidence for a neutron star spin frequency of ∼ 290 Hz rather than 580 Hz (see Miller, Lamb & Psaltis 1998) . We note, however, that recent efforts to confirm the subharmonic detection in subsequent bursts from 4U 1636-53 have not been successful (Strohmayer 2001) . Strohmayer et al. (1998a) reported very large amplitude oscillations at 580 Hz during the rising phase of some bursts from 4U 1636-53. This combination of large measured amplitudes near burst onset and the evidence that two hot spots may produce the modulation, make 4U 1636-53 perhaps the best source currently known in which to constrain the neutron star mass and radius based on the properties of burst oscillations. In this Letter we report on our efforts to do this by detailed modelling of the burst oscillations observed during the rising phase of bursts. We focus on 4U 1636-53 because if the two hot spot conjecture is correct for this object then our results place strong constraints on the neutron star compactness. However, we also summarize our results for 4U 1728-34, a source which has also shown strong oscillations during the rising phase of bursts but for which no evidence of a subharmonic has been reported.
Model Assumptions
Both spectral and temporal evidence indicate that the X-ray emission near the onset of at least some thermonuclear bursts is localized to a "hot spot" which spreads in some fashion until eventually encompassing all of the neutron star surface (see for example Strohmayer, Zhang & Swank 1997) . This likelihood was also recognized early on in theoretical studies of thermonuclear bursts (Joss 1978) . Motivated by this we model the burst rise by assuming that all the burst emission comes from either one or a pair of circular hot spots which expand linearly in angular size with time. The rest of the neutron star surface is assumed dark. Photon trajectories are computed assuming the Schwarzschild metric describes the spacetime exterior to the star. This is a reasonable approximation since the neutron star's rotational influence on the spacetime only affects the oscillation amplitude to second order (Miller & Lamb 1996) . For the present work we shall only investigate bolometric modulations across the full ∼ 2 − 90 keV bandpass of the RXTE Proportional Counter Array (PCA). We shall also ignore Doppler shifts and relativistic abberation produced by the rotational motion of the hot spot (see for example Miller 1999; Chen & Shaham 1989) . We discuss later the likely influence on our results of this approximation.
Our model is uniquely characterized by seven parameters: (1) An overall source intensity or normalization, S, (2) Neutron star compactness, β = M/R, where M and R are the stellar mass and radius, respectively, (3) Initial angular size of the spot (one-half of subtended angle), α 0 , (4) Angular growth rate of hot spot,α, (5) Initial rotational phase, δ 0 , (6) Latitude of the spot center, θ s , measured from the rotational equator, and (7) Latitude of the observers line of sight, θ obs , also measured from the rotational equator. One of our primary goals is to determine an upper bound on the compactness. To do this within the context of our model we will set the hot spot latitude and observation latitude to zero. That is, both the hot spots and the line of sight to the observer are centered on the rotational equator. This geometry produces the largest possible modulation amplitude. Since any observed modulation must be equal to or less than this limit, and since the modulation amplitude decreases with increasing compactness, the upper limit follows. For completeness, we also investigate the influence of moving the hot spot and the line of sight off the rotational equator. The geometry of our model is illustrated in Figure 1 . Related hot spot models have been worked out by Pechenick, Ftaclas, & Cohen (1983) and Strohmayer (1992) .
Method of Calculation
The geometry of a photon trajectory in relation to the observers line of sight r obs is shown in Figure 1 . The figure is drawn with θ s = θ obs = 0. For any single point on the hot spot with radius vector r, a photon reaching the observer lies in the plane of r and r obs , and is asymptotically parallel to r obs with impact parameter b. The two angles, φ (between r and r obs ) and ψ (the emission angle with respect to the surface normal), complete the description. For non-zero θ s and θ obs , the deflection geometry remains the same, only the plane in which the desired trajectory lies (the plane of r and r obs ) changes. The angle φ can be expressed as,
, and M and R are the stellar mass and radius respectively. As can be seen above, φ is a function ofb and M/R. Aŝ b varies from 0 to 1, φ varies from 0 to φ max , the maximum value of φ, which is attained when a photon is emitted tangentially to the stellar surface. We note several interesting limiting cases; for M/R = 0, 0.284, 0.331, 0.33333, we have φ max = π/2, π, 2π, and ∞, respectively. The last case, φ max = ∞, corresponds to the bound photon orbit at M/R = 1/3.
To compute the flux as a function of rotational phase we first invert φ (b, M/R) numerically to obtain tables ofb as a function of φ and M/R. For a given M/R and each φ = cos −1 ( r ·r obs ) we then findb and compute cos ψ = (1 −b 2 ) 1/2 . The observed flux is then given by I ν cos ψ dΩ, where I ν is the local specific intensity at the surface of the neutron star, and the integral is carried out over the hot spot or spots. For the specific intensity we use both an isotropic emission function, I ν = 1 and an angular dependent beaming function consistent with emission from a grey scattering atmosphere, I ν = 3/5 cos ψ + 2/5. Such a function should be appropriate for bursting neutron star atmospheres which are dominated by Thompson scattering (London, Taam, & Howard 1986) . Figure 2 shows several examples of lightcurves computed with our model using one hot spot and different values of M/R. The decrease in modulation amplitude with increasing compactness is clearly evident.
Data Analysis Procedures and Results
We searched the available RXTE data from 4U 1636-53 and 4U 1728-34 for bursts and selected for analysis four from 4U 1636-53 and two from 4U 1728-34 which showed particularly strong oscillations during the rising phase. The data are in the form of X-ray event times recorded with 125 µ-sec resolution across the full 2 -90 keV PCA bandpass. In order to fit our model we first break up the rising interval from each burst into a number, n region , of contiguous subregions. Within each subregion we epoch fold the data into n bin phase bins using the oscillation frequency determined from a power spectral analysis of the entire rising interval. We then perform a χ 2 minimization by computing
Here O i and M i are the numbers of observed and predicted counts, respectively, in the i th data bin. For σ 2 we use the Poisson variance, which is simply equal to the number of counts in the bin. In general we also add a constant background level to the model as a way of modeling the pre-burst, accretion driven flux, which we assume is not associated with the burst. This also implies a tacit assumption that the accretion driven flux is not significantly altered by the burst. This quantity is well determined by the pre-burst data, so typically we do not treat it is a model parameter.
We minimize χ 2 using the Marquardt-Levenberg method and we can simultaneously vary all seven model parameters. Our choice regarding the number of data bins is a tradeoff between having sufficient counts in each bin and the need to have enough time resolution to adequately model the rise of the burst and hence constrain the hot spot spreading speed,α. In general we found that n region = 8 and n bin = 8 gave the best results. With this choice we have a total of 64 data bins. We also restrict M/R ≤ 0.284, the limit beyond which photons from a given point on the stellar surface can reach the observer along more than one unique path. In general we find acceptable fits using both one and two hot spots for both sources. In the remainder we will summarize our results and discuss the implications for neutron star compactness, concentrating on the two spot fits for 4U 1636-53 for the reasons outlined above.
Antipodal Hot Spot Models
Our best fitting models for bursts from 4U 1636-53 using two antipodal hot spots are summarized in Table 1 where we give the observation date, the best fitting model parameters and the minimum χ 2 for each burst. For these fits we have fixed to zero both the spot latitude, θ s and the observers latitude, θ obs , and we used 64 data bins. With 5 free parameters we therefore have 59 degrees of freedom. Our minimum χ 2 values are all statistically acceptable, indicating that the simple rotating hot spot model is consistent with the data. Figure 3 compares the best fit model and data for several fits to one of the bursts from 4U 1636-53 and graphically illustrates the quality of fits we can achieve.
The derived compactness for three of the four bursts from 4U 1636-53 span a rather tight range from M/R = 0.17 to 0.11. If we compute a weighted mean for all four bursts we find that (M/R) mean = 0.14. The third burst in the table has a smaller compactness than the other three, but is also the most uncertain, so excluding this burst only increases the mean by about 7 %. Based on this we adopt M/R = 0.14 as our best fit compactness under the assumption that the viewing geometry is most favorable and two spots produce the modulation. We then define upper limits based on the confidence region for M/R. Doing this we find that M/R < 0.15 and 0.17 at 90 and 99 % confidence, respectively. We will discuss the implications of our compactness limits for the neutron star EOS in the next section.
We also computed fits allowing the two angles θ s and θ obs to vary. As might be expected we find the inclusion of the additional parameters improves the fits, but only marginally. With these parameters free to vary we find that M/R tends to decrease, and both θ s and θ obs move off the rotational equator. We find, however, no stationary solutions in M/R with all seven parameters varying. These results serve to illustrate the basic correlation between compactness and the hot spot and viewing geometries. If the spot moves or is viewed away from the rotational equator then the inferred value of M/R must decrease in order to make up for the loss of modulation amplitude produced by a less than favorable geometry. Since realistic neutron star EOSs cannot support stars with arbitrarily small M/R, if the two spot model is correct, then our results suggest that the hot spots must be relatively near the rotational equator in order to achieve the high observed amplitudes. If the hot spots are linked to the poles of a magnetic field in 4U 1636-53 (see Miller 1999) , then this would suggest that the magnetic axis would have to be nearly perpendicular to the rotation axis. The results discussed above were derived using the grey atmosphere intensity function. If instead we assume isotropic emission, the fits for all the bursts are very similar, but the M/R values are systematically lower, with the weighted mean dropping to M/R = 0.07. This is as expected, since isotropic emission produces a lower amplitude than the grey atmosphere beaming function.
Our results for 4U 1728-34 are quite similar to those derived for 4U 1636-53. The results of the two spot fits for bursts from 4U 1728-34, with θ s and θ obs fixed at zero and with beamed emission are also shown in Table 1 . The weighted average of the two fits yields the value M/R = 0.13 ± 0.03, for the best fit compactness, similar to that derived for 4U 1636-53. We find 90 and 99 % confidence upper limits on of, M/R ≤ 0.18 and 0.21, respectively. Although no subharmonic has been detected for this source, the closeness of the derived M/R limits for the two sources is striking, and may be an indication that, irrespective of the model, the actual compactness of the two sources is similar.
One Spot Models
For one spot models we generally find there are no strong constraints on the compactness for either source. This results from the fact that stars even as compact as our computational limit, M/R = 0.284, can still produce a sufficiently large modulation amplitude to match the data. For example, the best fits for the 4U 1636-53 bursts with four parameters varying (ie., M/R fixed at 0.284, θ s and θ obs fixed at zero), and with beamed emission, give χ 2 = 69.4, 66.2, 70.6, and 75.0, for each burst respectively. These values are marginally higher than for the corresponding two spot fits, however, from a statistical point of view they are still formally acceptable. For the one spot fits we find that χ 2 monotonically decreases as M/R increases from 0 to 0.284, but never reaches a minimum. In other words we find no meaningful upper limit to the compactness, at least within the confines of our model assumptions. A comparison of the χ 2 values between the two spot and one spot fits at first glance seems to suggest that the two spot fits are better, however, this is misleading because the one spot fits are not stationary in M/R, that is they have not converged to a minimum.
Discussion and Summary
We have shown that if two hot spots produce the observed modulation at 580 Hz in 4U 1636-53 then the large amplitudes of the oscillations near burst onset provide a strong constraint on the compactness. In Figure 4 we show in the mass -radius plane our 90 and 99 % confidence upper limits on the compactness M/R for 4U 1636-53 from our two hot spot fits. The shaded region denotes the ranges of M and R which satisfy our compactness constraint and have M > 1.4M ⊙ , which we take as a reasonable estimate of the minimum mass of the neutron star in these old accreting systems. We also show several theoretical neutron star EOSs which span a range of stiffness allowed based on current uncertainties in the exact composition of nuclear matter and our incomplete knowledge of the nucleon -nucleon interaction. Also shown in Figure 4 is our computational limit at M/R ≤ 0.284 (solid diagonal line).
As can be seen our results tend to favor moderately stiff to very stiff EOSs. For example, our limits are comfortably consistent with EOSs, L (Pandharipande & Smith 1975b) , and M (Pandharipande & Smith 1975a). However, the most recent theoretical calculations of neutron star EOSs which are consistent with the currently available nucleon scattering data are generally not as stiff as either EOS L or M (see for example Akmal, Pandharipande & Ravenhall 1998) . For example, the best EOS of Akmal, Pandharipande & Ravenhall (1998) is quite similar to EOS UU (from Wiringa, Fiks & Fabrocini 1988) shown in Figure 4 , it being just modestly stiffer. These modern EOSs are still not rigorously self consistent though, and become "superluminal" (the sound speed exceeds the speed of light) above some density. Recent modifications to the EOS of Akmal, Pandharipande & Ravenhall (1998) which attempt to smoothly incorporate causality, and thus avoid superluminal behavior, generally stiffen the EOS. With such modifications, modern EOSs can be made consistent with our M/R limits (see for example Heiselberg & Hjorth-Jensen 1999) .
Recently, Lattimer & Prakash (2000) have argued that measurements of the neutron star radius to about 10 % precision should be sufficient to usefully constrain the neutron star EOS. They showed that as long as extreme softening of the EOS does not ocurr in the vicinity of nuclear matter equilibrium density then the stellar radius is almost independent of the mass. Since observed neutron star masses cluster rather closely around 1.4 M ⊙ they argued that the more important quantity in terms of constraining the EOS is the stellar radius. Since the neutron stars in LMXB are upwards of 10 8 yr old and they have been accreting mass it is very likely that they are at least more massive than the 1.4M ⊙ typically found for younger neutron stars (Thorsett & Chakrabarty 1999) . If this is the case, then our results place a rather firm lower limit on R of about 12 km. Such a limit is consistent with the notion that extreme softening of the EOS, as can be produced by pion, kaon or other hyperon condensates, does not ocurr in neutron star cores (see Lattimer & Prakash 2000) . Since these inferences depend crucially on the two hot spot hypothesis it is vital to try and settle this issue in the near future.
We have generally tried to employ the simplest assumptions consistent with maintaining the essential physics of the model and the observed properties of the bursts. For this work we have neglected the Doppler shifts and relativistic abberation produced by the rapid motion of the hot spots. Although we do not know the rotational velocity precisely because of our uncertainty in the stellar radius and the number of hot spots, it is likely that the velocity on the rotational equator is ≤ 0.1 c. Miller & Lamb (1999) investigated the effects of the rotational velocity on the bolometric and energy dependent amplitude and showed that although such a velocity can have important effects on the amplitude measured at particular photon energies, they also showed that the effect on the bolometric amplitude of the rotational velocity is very modest (see there Figure 1d ; see also Weinberg, Miller & Lamb 2000) . The calculations of Miller & Lamb (1999) were for point-like spots and hence represent upper limits to the size of any rotational effect. Since our model uses spots of a finite and growing angular size the rotational effects, which represent an integral over the hot spot of the line of sight rotational velocity, must be less than the estimates computed by Miller & Lamb (1999) . The amplitude of higher harmonics is more sensitive to the rotational velocity, however, the present RXTE data are not very sensitive to the shape of the pulses, ie. we do not detect any higher harmonics, nor do we know of any published reports of significant harmonics of burst oscillations. Based on this and because we only investigate the bolometric amplitude we believe we are justified in neglecting the Doppler effects for the present work. However, by not investigating the energy dependent effects we are indeed ignoring some useful information which can eventually help provide more powerful constraints on M and R. We plan to improve our model by including these energy dependent effects and will report the results from such a study in a sequel.
Using our model we have also begun to investigate the constraints that can be obtained with data of a higher statistical precision than presently available. We have found that the present RXTE data is essentially insufficient for constraining the hot spot and viewing geometry, however, if the count rate were increased by a factor of 10 -20 times the RXTE rate then our simulations suggest that it will be possible to simultaneously constrain both the stellar compactness and the hot spot and viewing geometries. Thus future large area timing experiments, such as the proposed Timing (of) Extreme X-ray Astrophysical Sources (TEXAS) experiment, will be extremely powerful tools for probing the structure of neutron stars. Notice the decrease in amplitude with increasing compactness. Note also the decrease in amplitude and increase in flux as the hot spot spreads to encompass the entire surface. These models were computed with one hot spot assuming isotropic emission from the surface. Fig. 3 .-Data and best fit models for several fits to the December 28th, 1996 burst from 4U 1636-53. Shown are fits using two hot spots with θ s = θ obs = 0 (solid); one hot spot with M/R fixed at 0.284 and θ s = θ obs = 0 (dashed); and one hot spot with θ s and θ obs free to vary (dotted). All the fits shown were computed with the grey atmosphere beaming function. Table 1 . The shaded region is the allowed range of M and R which satisfies the compactness constraints and has M > 1.4M ⊙ . The solid diagonal line corresponds to our computational limit, M/R = 0.284, and the dotted line denotes the radius of the inner most stable circular orbit (ISCO) for a non-rotating neutron star. The solid curves show the mass -radius relations for equations of state A (Pandharipande 1971) , FPS (Lorenz et al. 1993) , UU (Wiringa et al. 1988 ), L (Pandharipande & Smith 1975b) , and M (Pandharipande & Smith 1975a) . The results favor stiffer equations of state with R > 12 km for a 1.4 M ⊙ star. Modern equations of state with ad hoc modifications to smoothly incorporate causality fall between EOSs UU and L and can satisfy our constraints (see for example Heiselberg & Hjorth-Jensen (1999) ).
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